Abstract. Let ln denote the Liouville function and consider the sum SxY nx lne 2pin . We prove that for all of irrational type 1 (that includes all algebraic irrationalities) SxY Ox 4a5e for any e b 0. The method is extended to study more general sums of the form nx ane 2pin for a general class of arithmetical functions an. The main technique is the Vinogradov±Vaughan method of studying exponential sums.
Introduction
Po Â lya suggested the following approach to the Riemann hypothesis. Let ln be the Liouville function which is the completely multiplicative function de®ned as l p À1 for prime powers p . Now consider the sum, Sx nx lnX Po Â lya [P] conjectured that Sx 0 for x 2 and noted that if this conjecture is true, then the Riemann hypothesis follows. Indeed, we have Thus, by a well-known theorem of Landau (see for example, [EM, p. 132 ]), we deduce that the left hand side converges for Res b a where a is the ®rst real singularity of z2sazs. Since zs has no real zeros, we see that the ®rst real singularity occurs at s 1a2. Hence, z2sazs converges for Res b 1a2. Therefore, zs H 0 for Res b 1a2.
In 1958, Haselgrove [H] disproved the Po Â lya conjecture. The smallest counter-example is x 906,150,257 for which Sx 1. Lehman [L] later found S906,400,000 708. It can be shown that there are in®nitely many counter-examples. (See for example, Anderson-Stark [AS] .)
There is good reason to resurrect Po Â lya's approach. In fact, in [Mu] an elliptic analogue of the Po Â lya conjecture is proposed and some heuristic and numerical evidence are presented that predict its truth in the case of curves whose Mordell-Weil rank is at least 4.
Indeed, if E is an elliptic curve over Q of Mordell-Weil rank at least 4 and L E s y n1 a n an s is the L-series of the elliptic curve, then the Riemann hypothesis and the Birch and Swinnerton-Dyer conjectures suggest that nx a n ln 0 for su½ciently large x. This conjecture is studied in greater detail in [Mu] . In this paper, we focus on Sx and its``exponential twists'' (de®ned below).
Suppose now that we consider the hypothesis that for some y`1,
1
Sx Ox y X Then, the above argument easily yields that zs H 0 for Res b y, which we refer to as a quasi-Riemann hypothesis. In fact, the Riemann hypothesis is equivalent to the assertion that (1) holds for every y b 1a2. SxY w x s1 dx we deduce that LsY w has no zeros for Res b y.
Motivated by these considerations, it seems natural to consider the exponential sum:
for any real . The estimates we obtain for such sums depend on the type of . Let us recall this notion (see [KN, p. 121¨] for more details). Let be a non-decreasing positive function that is de®ned at least for all positive integers. The irrational number is said to be of type` if qkqk 1aq holds for all positive integers q. If is a constant function, then an irrational of type` is also called of constant type. Let h be a positive real number or in®nity. The irrational number is said to be of type h if h is the supremum of all g for which lim inf for any e b 0.
Observe that by Parseval's formula, we have
so that it is reasonable to expect that for any e b 0, SxY Ox 1a2e for almost all . Indeed, if we let
then ExY d is measurable and Parseval's formula gives that its measure cannot exceed x À2d .
As pointed out to us by J. Oesterle Â, one can use Carleson's theorem [C] converges for almost all y e R. If y k0 b k is convergent, and f n is an increasing function, then by partial summation, it is easily seen that kn b k f k o f n as n 3 y. Indeed, given e b 0, choose n 0 such that j n km b k j e for n m n 0 . Then,
The right hand side is clearly fef n from which the result is immediate. Now if a k is a sequence of complex numbers of absolute value 1, and S n x n k0 a k ex, then setting f x x 1a2e , then for almost all y. It is clear that this result holds for a k Ok e as well. Of course, Carleson's theorem gives us no idea to which y the result applies.
The above argument can be re®ned in the obvious way. In fact, we can take f x x 1a2 log x 1a2e to deduce kx a k eky Ox 1a2 log x 1a2e
for almost all y whenever
It seems that Davenport [D] was the ®rst to consider the sums SxY and the cognate sums:
where m denotes the Mo È bius function. Davenport proves that for every , MxY Oxalog x A for any A b 0 uniformly in . At the end of his paper, he remarks that a similar treatment works for SxY . See also the related paper of Bateman and Chowla [BC] .
In a paper of Hajela and Smith [HS] , they also investigate the sum MxY and obtain various improvements of the results of Davenport. For instance, they show that MxY Ox expÀclog x 1a2 for some su½ciently small c b 0 under the assumption that none of the LsY w have Siegel zeros. If the generalised Riemann hypothesis holds, they prove that MxY Ox 5a6e . Baker and Harman [BH] improved the Hajela-Smith exponent of 5a6 to 3a4 under the same hypothesis. We will show below (see Corollary 4) that MxY Ox 4a5e for all of type 1. If As z K s, the Dedekind zeta function of a number ®eld K, then Chandrasekharan and Narasimhan [CN] have shown that The interest in Corollary 6 is that it is expected to be true for any ®eld K. In fact, it is related to a classical conjecture of Dedekind which predicts that y n1 cnan s extends to an entire function if cn is de®ned as above and an is the number of integral ideals of norm n in the ®eld K. The Riemann hypothesis for Dedekind zeta functions would imply that nx cn Ox 1a2e . However, this is not known. In fact, it is not even known if the above sum is Ox y for some y`1 for a general number ®eld K.
There seem to be two results in the literature aiming to treat general sums of the form (3). The ®rst is a paper of Daboussi and Delange [DD] which shows that nx f nen ox as x 3 y for irrational and f multiplicative satisfying
See also the related work of Goubin [G] and Delange [De] . The second result is due to Montgomery and Vaughan [MV] where they show that for almost all including algebraic irrationalities, nx f nen f x log x for any multiplicative function f satisfying j f nj 1. Theorem 2 can be seen as a variation of this theme and an extension of the result of Montgomery and Vaughan [MV] .
There are several other sporadic results for special arithmetical functions, scattered in the literature. We will cite a few exemplary ones. For instance, Chowla [Ch] proved that for all irrational , nx dnen ox log x as x 3 y, where dn denotes the number of divisors of n. Erdo È s [E] for almost all which is only slightly weaker than the result of Erdo È s. In the same paper, Erdo È s [E] for almost all using standard results in analytic number theory. We leave the details as an exercise to the reader.
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Vaughan's method
We begin with a description of Vaughan's method which has its roots in earlier work of I. M. Vinogradov on the Goldbach conjecture. This is exposed for example in [D] . For any AY B H 0 and F Y G, we have the formal identity: 
Estimates for exponential subsums
We denote by kuk the distance of u from the nearest integer. Let Erdo È s [E] proved that for almost all
By partial summation, we deduce that for almost all ,
If we know the type of , more precise results can be obtained as the following lemma shows.
Lemma 3. Let be of type`. Then, n m1 1 mkmk f 2n log n n m1 2n log n n X
In particular, if is of constant type, then the sum is Olog 2 n. If is of type h, then the sum above is On hÀ1e . Also, n m1 1 kmk On 1e
for of type 1.
Proof. See Lemma 3.3 in [KN, p. 123] . The last assertion follows from partial summation of the estimate for the previous sum.
We now begin our estimation of the sums S i x for i 1Y 2Y 3Y 4.
Lemma 4. We have
Proof. This is clear.
Lemma 5. For all of type 1, we have
for any e b 0.
Proof. We have
Observe that the inner sum is a geometric series, so that
Thus, by Lemma 3, we obtain
for all of type 1, which completes the proof of the Lemma.
Lemma 6. For all of type 1, we have
Proof. For any real and , let By the penultimate estimate, we deduce that
for all of type 1. This completes the proof of the lemma.
Lemma 7. For all of type 1, we have
the number of divisors of e. Let
where W U. By Cauchy-Schwarz inequality, we obtain
ebV Y e`xadY e`xaW f 1 eY V ede 2 3 1a2 which we ®nd easily to be
The sum corresponding to e 1 e 2 contributes a quantity to the right hand side which does not exceed in absolute value
where d 4 e denotes the number of 4-tuples of positive integers whose product is e. By a well-known estimate [ECT, p. 313] , this is easily seen to be
For e 1 H e 2 Y and ®xed j, the equation e 1 À e 2 j determines a unique solution e 2 for every ®xed e 1 . Hence the sum corresponding to e 1 H e 2 contributes a quantity to the right hand side of (5) which does not exceed in absolute value
which is, by Lemma 3, bounded by
for all of type 1. Combining all the estimates, we obtain
Now we take W 2 t UY where t 0Y 1Y 2Y F F F log 2 xaUV which runs over Olog x intervals so that the result follows from the above estimate.
Proof of Theorem 1
From Lemmas 3 to 6, we see that
for all of type 1. We choose U V x 2a5 to obtain a ®nal estimate of x 4a5e as desired.
Proof of Theorem 2
The method used above to treat the sum nx lnen can also be used to treat more general sums.
As before, let us set, which by (7) gives
For S 3 x, we have by (6),
As before, we break this sum into dyadic intervals:
so by Cauchy-Schwarz, we get
which we ®nd satis®es
The sum corresponding to e 1 e 2 gives a contribution
For e 1 H e 2 , the contribution is x 1e W À1a2 as before. Combining these estimates gives
We choose U V to get
Since yY f`1, we see that for V x d for some su½ciently small d, we get the desired result.
Proof of Theorem 3
In (8) 
X
In the case 2f`y`1, we choose V such that
which allows us to take any satisfying the inequality
Proofs of the corollaries
To deduce Corollary 4, we let As 1, Bs zs. To deduce Corollary 5, we let As Àz H s and Bs zs. We must estimate nx log nenX But this is easily done by partial summation: nx log nen f log x min 1Y 1 kk X Therefore, we can take y e to deduce the result.
